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Arctic energy balance model

(Eisenman and Wettlaufer 2009)
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incoming outgoing



Arctic energy balance model

Major components:

• 𝐸 has no spatial extent

• Seasonally-varying incoming solar radiation

• Ice-albedo feedback

• State-dependent definition of energy:

• Sea ice thermodynamics

𝐸 ∝ ቊ
Oceanmixed−layer temperature (𝐸 > 0)

Ice thickness 𝐸 ≤ 0

(Eisenman and Wettlaufer 2009)
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albedo

Arctic energy balance model
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𝑇 ∝ ቐ

𝐸
0

𝑓(𝑡, 𝐸)

(ocean)

(melt)
(ice)

(Eisenman and Wettlaufer 2009)
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Bifurcation analysis: motivation

(Eisenman and Wettlaufer 2009)

Perennially ice-free
Seasonally ice-free
Perennially ice-covered
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(Eisenman and Wettlaufer 2009)

Smooth transition 
from current state to 

seasonally ice-free state

Perennially ice-free
Seasonally ice-free
Perennially ice-covered

Bifurcation analysis: motivation
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(Greenhouse gases →)



𝐹 𝑠

𝑡

0

0

2

4

1

𝐹
𝑙

𝑡

0 1

0

2

4

𝑇 ∝ ቐ

𝐸
0

𝑓(𝑡, 𝐸)

(ocean)

(melt)
(ice)

0
0

1

𝛼𝑖

𝛼𝑜A
lb
ed
o
(𝛼
)

Energy (𝐸)

Motivation                                  Dynamical System                                   Analysis                                    Results

𝑑𝐸

𝑑𝑡
= 1 − 𝛼 𝐸 𝐹𝑠 𝑡 − (𝐹𝑙 𝑡 + 𝐵𝑇(𝐸, 𝑡))

albedo outgoing 
longwave 
radiation

incoming
solar
radiation

temperature

Arctic energy balance model

(Eisenman 2012)



A
lb

ed
o

 (𝛼
)

Energy (𝐸)

0
0

1

𝛼𝑖

𝛼𝑜

Motivation                                  Dynamical System                                   Analysis                                    Results

𝑑𝐸

𝑑𝑡
= 1 − 𝛼 𝐸 𝐹𝑠 𝑡 − (𝐹𝑙 𝑡 + 𝐵𝑇(𝐸, 𝑡))

albedo outgoing 
longwave 
radiation

incoming
solar
radiation

temperature

Arctic energy balance model

Δ𝐸

A
lb

ed
o

 (𝛼
)

Energy (𝐸)

0
0

1

𝛼𝑖

𝛼𝑜A
lb
ed
o
(𝛼
)

Energy (𝐸)

A
lb
ed
o
(𝛼
)

Energy (𝐸)



𝑑𝐸

𝑑𝑡
= ቐ

1+ Δ𝛼 𝐹𝑠 𝑡 − 𝐹𝑙 𝑡 + 𝐵𝑇 𝐸, 𝑡 , 𝐸 > 0

1− Δ𝛼 𝐹𝑠 𝑡 − 𝐹𝑙 𝑡 + 𝐵𝑇 𝐸, 𝑡 , 𝐸 < 0

= ቊ
𝐹+(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 > 0

𝐹−(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 < 0
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We can rewrite our model as:

Solutions in the piecewise-constant albedo 
limit
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We can rewrite our model as:

Solutions in the piecewise-constant albedo 
limit

=

𝐹+ − 𝐵𝐸, 𝐸 ≥ 0 [no ice]
𝐹−, 𝐸 < 0, 𝐹− > 0 [ice melting]
𝜁𝐹−
𝜁 − 𝐸

, 𝐸 < 0, 𝐹− < 0 [ice growing]
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1 + Δ𝛼 𝐹𝑠 𝑡 − 𝐹𝑙 𝑡 + 𝐵𝑇 𝐸, 𝑡
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Piecewise-smooth dynamical systems

No sliding Attracting Sliding
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Repelling sliding intervals 
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Repelling sliding intervals 
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1. Width determined by 𝐹±:

2. Affect stability of solutions

3. Introduce non-uniqueness

𝑑𝐸

𝑑𝑡
= ቊ

𝐹+(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 > 0

𝐹−(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 < 0
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2. Stability: Floquet multiplier
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Floquet Multiplier =

𝑃 𝐸0 + 𝜉 − 𝑃(𝐸0)

𝜉

= exp න
𝑡0

𝑡0+1 𝜕𝑓

𝜕𝐸
𝜏, 𝐸 𝑑𝜏

𝐸0

𝐸0 + 𝜉

𝑃(𝐸0 + 𝜉)

𝑃(𝐸0)

𝑡0 𝑡0 + 1



2. Stability: Floquet multiplier
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2. Stability: Floquet multiplier
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Δ𝐸 → 0Δ𝐸 = 0.02Δ𝐸 = 0.08

F
lo
q
u
et
M
u
lt
ip
li
er

min(𝐸) min(𝐸) min(𝐸)



2. Stability: Floquet multiplier
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𝑒1/ Δ𝐸

Maxima seem to increase like 𝑒𝑘/ Δ𝐸

Using Filippov solutions (Δ𝐸 = 0) to approximate the Floquet multiplier:
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3. Non-unique solutions

• Omit non-unique periodic solutions from bifurcation diagram

• Leads to bifurcation diagram with ‘gaps’

• Grazing-sliding bifurcations
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(Greenhouse gases →)



Bifurcation analysis: motivation

(Eisenman and Wettlaufer 2009)
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(Eisenman and Wettlaufer 2009)

Smooth transition 
from current state to 

seasonally ice-free state

Perennially ice-free
Seasonally ice-free
Perennially ice-covered
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Comparing piecewise-smooth to Filippov
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Comparing piecewise-smooth to Filippov

Motivating Question: Can we move the 
location of the tiny hysteresis loop?
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Sliding width comes from 𝐹±:

Relationship between sliding intervals 
and gap size

𝑑𝐸

𝑑𝑡
= ቊ

𝐹+(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 > 0

𝐹−(𝑡) − 𝐵𝑇 𝐸, 𝑡 , 𝐸 < 0
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Relationship between sliding intervals 
and gap size
Map 𝐹± to a standard form:

𝐹± = 1 ± Δ𝛼 1 − 𝑆𝑎 cos2𝜋𝑡 − 𝐿𝑚 + 𝐿𝑎 cos2𝜋 𝑡 − 𝜙

𝐹± = 𝐹± + ෪𝐹± cos 2𝜋𝑡 − 𝜓±
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Varying Δ𝜓
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Varying Δ𝜓
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Varying Δ𝜓

Δ𝜓
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Varying Δ𝜓

Δ𝜓
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Size of the jump: Δ(min(𝐸))



Mary Silber
(Statistics, U Chicago)

Dorian Abbot
(Geophysical Sciences, U Chicago)

Thanks to:


